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Ââåäåíèå

Ðàáîòà èíäóêöèîííûõ âûñîêî÷àñòîòíûõ èñ-
òî÷íèêîâ çàðÿæåííûõ ÷àñòèö – ýëåêòðîíîâ, ïëàç-
ìû – îñíîâàíà, â ïåðâóþ î÷åðåäü, íà èîíèçàöèè
ãàçà â âûñîêî÷àñòîòíîì ðàçðÿäå. Ìàãíèòíîå ïîëå
èíäóêòîðà, ñîçäàííîå èñòî÷íèêîì ïåðèîäè÷åñêî-
ãî íàïðÿæåíèÿ, èíäóöèðóåò â îáúåìå ïåðèîäè-
÷åñêîå àçèìóòàëüíîå ýëåêòðè÷åñêîå ïîëå, âîçáóæ-
äàþùåå àçèìóòàëüíûé òîê.

Â ñòàòüå ïðåäñòàâëåíà ìîäåëü ìàòåìàòè÷åñêàÿ
ìîäåëü ìàãíèòíîãî ïîëÿ â Â×-èñòî÷íèêå, äîïîë-
íÿþùàÿ óðàâíåíèÿ äèíàìèêè çàðÿæåííûõ ÷àñ-
òèö, ïðåäñòàâëåííûõ â ðàáîòå [1].

1. Ìàãíèòíîå ïîëå â ïëàçìåííîì îáúåìå

Êàê ïîêàçàíî â [1], ìàãíèòíîå ïîëå ïðàêòè-
÷åñêè íå ïðåïÿòñòâóåò îñåâîìó è ðàäèàëüíîìó
äâèæåíèþ ýëåêòðîíîâ. Â ñâÿçè ñ ýòèì ñóùåñòâåí-
íûå èçìåíåíèÿ ïàðàìåòðîâ, ñâÿçàííûå ñ èíäóöè-
ðîâàííûì ýëåêòðîííûì òîêîì, èìåþò ìåñòî òîëü-
êî â ðàäèàëüíîì íàïðàâëåíèè, ÷òî ïîçâîëÿåò óñ-
ðåäíèòü õàðàêòåðèñòèêè ïî äëèíå ïîëîñòè.

Ïîäñèñòåìà óðàâíåíèé âûñîêî÷àñòîòíîãî ðàç-
ðÿäà âêëþ÷àåò:

- óðàâíåíèÿ, îïèñûâàþùèå âëèÿíèå ïîëÿ íà
õàðàêòåðèñòèêè àçèìóòàëüíîãî äâèæåíèÿ ýëåêò-
ðîíîâ:

- àçèìóòàëüíàÿ ïðîåêöèÿ óðàâíåíèÿ äâèæå-
íèÿ ýëåêòðîíîâ:
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МАТЕМАТИЧЕСКАЯ МОДЕЛЬ ЭЛЕКТРОМАГНИТНОГО
ПОЛЯ В ИНДУКЦИОННЫХ ВЫСОКОЧАСТОТНЫХ

ИСТОЧНИКАХ ПЛАЗМЫ И ЭЛЕКТРОНОВ
Â ïðèáëèæåíèè îäíîêîìïîíåíòíîé ìàãíèòíîé ãèäðîäèíàìèêè ïðåäñòàâëåíà ìàòåìà-

òè÷åñêàÿ ìîäåëü ýëåêòðîìàãíèòíîãî ïîëÿ â èíäóêöèîííûõ âûñîêî÷àñòîòíûõ èñòî÷íèêàõ
ïëàçìû è ýëåêòðîíîâ. Óðàâíåíèÿ çàïèñàíû â äâóìåðíîé ôîðìå â ïðåäñòàâëåíèè îá àêñèàëü-
íîé ñèììåòðèè çàäà÷è. Ïåðåíîñ èìïóëüñà îïèñàí óðàâíåíèåì âÿçêîñòè, â êîòîðîì ó÷òåíî
âëèÿíèå ìàãíèòíîãî ïîëÿ íà äèññèïàòèâíûå ïðîöåññû â ðàçðåæåííîé ñðåäå. Ïðåäñòàâëåíû
óðàâíåíèÿ äëÿ ìàãíèòíîãî ïîëÿ è òîêà â ïëàçìåííîì îáúåìå è â öåïè èíäóêòîðà. Ïîêàçàíà
âîçìîæíîñòü â ðàçðåæåííîé ñðåäå ñóùåñòâîâàíèÿ òîêà â îáëàñòè ñ ðàçìåðàìè, çàìåòíî
áîëüøèìè, ÷åì ãëóáèíà ìàãíèòíîãî ñêèí-ñëîÿ.

Êëþ÷åâûå ñëîâà: Â×-èîíèçàöèÿ, èñòî÷íèê ïëàçìû, èñòî÷íèê ýëåêòðîíîâ.

- ðàäèàëüíî-àçèìóòàëüíàÿ êîìïîíåíòà óðàâ-
íåíèÿ âÿçêîñòè ýëåêòðîíîâ:
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è  ese n/n  – îòíîøåíèå êîíöåíòðàöèè íà îñå-

âûõ ãðàíèöàõ ê ñðåäíåìó âäîëü îñè çíà÷åíèþ
êîíöåíòðàöèè;

- óðàâíåíèÿ, îïèñûâàþùèå õàðàêòåðèñòèêè
ýëåêòðîìàãíèòíîãî ïîëÿ è âëèÿíèå íà íèõ àçè-
ìóòàëüíîãî òîêà ýëåêòðîíîâ:

- ñâÿçü ìåæäó âåêòîðíûì ïîòåíöèàëîì è ìàã-
íèòíîé èíäóêöèåé:
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- ñâÿçü ìåæäó âåêòîðíûì ïîòåíöèàëîì è íà-
ïðÿæåííîñòüþ ýëåêòðè÷åñêîãî ïîëÿ:
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- óðàâíåíèå ðîòîðà ìàãíèòíîãî ïîëÿ:
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Ñ ó÷åòîì (5) âûðàæåíèå (1) ìîæíî ïåðåïè-
ñàòü òàê:
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Â òàêîì ñëó÷àå óðàâíåíèÿ (2), (6), (7) îáðàçó-
þò çàìêíóòóþ ñèñòåìó è ìîãóò ðåøàòüñÿ íåçà-
âèñèìî. Â óñëîâèÿõ îñåâîé ñèììåòðèè  ïðè r→0
èìååò ìåñòî:

r~A , r~Veψ , ( ) 2r
e r~ψπ . (8)

Ñ ó÷åòîì (8) ñèñòåìó (2) – (7) óäîáíåå ðå-

øàòü â ïåðåìåííûõ ψeV
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Â ñîîòâåòñòâèè ñ îöåíêàìè, ïðèâåäåííûìè â
ðàáîòå [1], ñóùåñòâåííûìè ôóíêöèÿìè âðåìåíè

ÿâëÿþòñÿ âåëè÷èíû A, B, ψE , ψeV ,  ( )ψπ r
e , îòíîñè-

òåëüíî êîòîðûõ ñèñòåìà (2), (6), (7) ÿâëÿåòñÿ ëè-
íåéíîé. Â òàêîì ñëó÷àå ïðè ãàðìîíè÷åñêîì èç-
ìåíåíèè âî âðåìåíè íàïðÿæåíèÿ èñòî÷íèêà ïè-
òàíèÿ èíäóêòîðà ðåøåíèÿ äëÿ ïåðå÷èñëåííûõ
äèñöèïëèí òàêæå áóäóò ãàðìîíè÷åñêèå. Ïðåäñòà-
âèì ïåðåìåííûå âî âðåìåíè ïàðàìåòðû â (2), (6),
(7) òàê:
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ãäå •en  – êîíöåíòðàöèÿ ýëåêòðîíîâ íà îñè

ïîëîñòè;
ρ – áåçðàçìåðíûé ðàäèóñ:

ρ= Rr . (13)

Â òàêîì ñëó÷àå èç (2), (6), (7) ñëåäóåò:

( )














+

ω
νω

−≈
ρρ

π
•

sc
e

e

e

e

22
ec PP

n

n

Tk
Rm

d
vd1

, (14)

( )














−

ω
νω

−≈
ρρ

π
•

cs
e

e

e

e

22
es PP

n

n

Tk
Rm

d
vd1

, (15)

c
e

e

e
2

0

2
e

2
c v

n
n

mc

Rne
d
bd1

•

•

ε
=

ρρ , (16)

s
e

e

e
2

0

2
e

2
s v

n
n

mc

Rne

d
bd1

•

•

ε
=

ρρ , (17)

cc
c ba2

d
ad

=+
ρ

ρ , (18)

ss
s ba2

d
ad

=+
ρ

ρ , (19)

( )














+−

ω
ν

−≈+
ρ∂

∂
ρ

Σ

•
ssc

p
e

e

e
c

c vav
n
n

P4
P

 , (20)

( )











−+

ω
ν

−≈+
ρ∂

∂
ρ

Σ

•
ccs

p
e

e

e
s

s vav
n
nP4P

.   (21)

Ïðè èñïîëüçîâàíèè ìåòîäà êîíå÷íûõ ýëåìåí-
òîâ èìååì ñëåäóþùèå âûðàæåíèÿ äëÿ ïåðâîé
ïðîèçâîäíîé ïðîèçâîëüíîé âåëè÷èíû Z ïî áåç-
ðàçìåðíîìó ðàäèóñó ρ â óçëå ñ íîìåðîì i:
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Â òàêîì ñëó÷àå èç (14), (22) èìååì:
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Ìîæíî çàìåòèòü, ÷òî óðàâíåíèÿ (23) – (30)
èìåþò îñîáåííîñòü ïðè i=0. Îñîáåííîñòü îêà-
çûâàåòñÿ óñòðàíèìîé, åñëè äëÿ âñåõ ïàðàìåòðîâ
íàçâàííûõ óðàâíåíèé

( ) ( )11 ZZ =− , (31)

òî åñòü ïåðâàÿ ïðîèçâîäíàÿ ëþáîãî ïàðàìåòðà
íà îñè ðàâíà íóëþ, ÷òî è õàðàêòåðíî äëÿ îñåâîé
ñèììåòðèè.

Â óðàâíåíèÿõ (27) – (30) äëÿ i=0 èìååì:
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Äëÿ îòûñêàíèÿ çíà÷åíèé èñêîìûõ ïàðàìåòðîâ
â òî÷êå i=1 ìîæíî âîñïîëüçîâàòüñÿ âûðàæåíèÿ-
ìè äëÿ ïîâåäåíèÿ âåëè÷èí â èíòåðâàëå i=0 – 1:
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Â òàêîì ñëó÷àå:
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Èç (32) – (35) ñëåäóåò, ÷òî çíà÷åíèÿ âåëè-

÷èí ( )0
ca , ( )0

sa , ( )0
cP  è ( )0

sP  (íà îñè) íå ÿâëÿþòñÿ

ïðîèçâîëüíûìè, è äëÿ ðåøåíèÿ ñèñòåìû òðåáó-
åòñÿ çàäàâàòü çíà÷åíèÿ ÷åòûðåõ âåëè÷èí

( )0
cb , ( )0

sb , ( )0
cv  è ( )0

sv .       (45)

Ââèäó ëèíåéíîñòè ñèñòåìû ðàñïðåäåëåíèå
ëþáîãî ïàðàìåòðà ïî ðàäèóñó ìîæåò áûòü ïðåä-
ñòàâëåíî â âèäå ñóììû ÷åòûðåõ ëèíåéíî íåçàâè-

ñèìûõ ðåøåíèé. Âàðèàöèÿ çíà÷åíèé âåëè÷èí ( )0
cb ,
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( )0
sb , ( )0

cv  è ( )0
sv  ïðè ýòîì äîëæíà îáåñïå÷èòü

âûïîëíåíèå ãðàíè÷íûõ óñëîâèé:
- çíà÷åíèÿ âÿçêîñòè ïðè r = R:
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- çàâèñèìîñòè âñåõ ìàñøòàáíûõ õàðàêòåðèñ-
òèê Â× ðàçðÿäà îò õàðàêòåðèñòèê èñòî÷íèêà ïè-
òàíèÿ èíäóêòîðà – íàïðèìåð, äåéñòâóþùåãî çíà-
÷åíèÿ ìîùíîñòè.

Ìîæíî çàìåòèòü, ÷òî êîëè÷åñòâî âàðüèðóåìûõ
ïàðàìåòðîâ (45) íà åäèíèöó ïðåâîñõîäèò êîëè-
÷åñòâî ãðàíè÷íûõ óñëîâèé ïðè r = R. Îäíàêî, ñ
ó÷åòîì (9) – (12) ìîæíî çàìåòèòü, ÷òî ïðè ñî-

õðàíåíèè êîìïëåêñà ( ) ( )20
s

20
c bb +  âàðèàöèÿ îò-

íîøåíèÿ ( ) ( )0
c

0
s b/b  îçíà÷àëà áû ïðîñòî ñìåùå-

íèå ôàçû êîëåáàíèé âñåõ èñêîìûõ ïåðåìåííûõ
âî âðåìåíè íà ðàâíóþ âåëè÷èíó (èçìåíåíèå «íà-
÷àëà îòñ÷åòà» âðåìåíè), ÷òî íå ÿâëÿåòñÿ ñóùå-
ñòâåííûì â íàøåé çàäà÷å. Ââèäó ýòîãî îòíîøå-

íèå ( ) ( )0
c

0
s b/b  ìîæíî çàäàâàòü ïðîèçâîëüíî, íà-

ïðèìåð – ( ) ( )0
c

0
s b/b  = 0.

Â òàêîì ñëó÷àå ðåøåíèå äëÿ ëþáîé èñêîìîé
âåëè÷èíû Z ìîæåò áûòü ïðåäñòàâëåíî â âèäå
ñóììû:

( ) ( ) ( ) ( )i
22

i
11

i
0

i ZCZCZZ ++= (47)

ïðè ñëåäóþùèõ çíà÷åíèÿõ âåëè÷èí (45) â
êàæäîì ïàðöèàëüíîì ðåøåíèè:

( )
0k

0
k,cb δ= ,  ( ) 0b 0

s = , ( )
1k

0
cv δ= , ( )

2k
0

sv δ= . (48)

2. Çàêîí Îìà öåïè èíäóêòîðà

Óðàâíåíèå ðîòîðà ìàãíèòíîãî ïîëÿ (6) â êâà-
çèîäíîìåðíîì îïèñàíèè èìååò âèä:

2
0

eff

c
j

rd
Bd

ε
−= , (49)

ãäå effj  – ñðåäíåå ïî ñëîþ ñ òîëùèíîé, ðàâ-

íîé äèàìåòðó ïðîâîäà èíäóêòîðà, çíà÷åíèå ïëîò-
íîñòè òîêà:

Lr2
nIj
c

eff = , (50)

ãäå n – êîëè÷åñòâî âèòêîâ èíäóêòîðà;
L – äëèíà ïîëîñòè;
I – òîê â êîíòóðå èíäóêòîðà;

cr  – ðàäèóñ ïðîâîäà êîíäóêòîðà.

Îáîçíà÷èì çíà÷åíèÿ íà ðàäèàëüíîé ïîâåðõ-
íîñòè ïîëîñòè êàòîäà òàê:

( )RBBR = , (51)

( )RAAR = . (52)

Â êâàçèîäíîìåðíîì îïèñàíèè ìàãíèòíàÿ èí-
äóêöèÿ âíå èíäóêòîðà ðàâíà íóëþ:

( ) 0r2RB c =+ . (53)

Ðåøåíèåì óðàâíåíèÿ (49) ñ ó÷åòîì (50), (51)
ÿâëÿåòñÿ âûðàæåíèå:
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Òîãäà, äëÿ âåêòîðíîãî ïîòåíöèàëà èìååì (4):
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Çàêîí Îìà â äèôôåðåíöèàëüíîé ôîðìå äëÿ
ïðîâîäà êîíäóêòîðà èìååò âèä:
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−== σσ
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t
A

r
rj

∂
∂

+=
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− σ . (58)

ãäå σ  – óäåëüíàÿ ïðîâîäèìîñòü ïðîâîäà.
Èíòåãðèðîâàíèå ïî äëèíå è äèàìåòðó ïðîâî-

äà èíäóêòîðà ïðèâîäèò ê âûðàæåíèþ:
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ãäå R  – ñîïðîòèâëåíèå êîíòóðà èíäóêòîðà;

I  – òîê â êîíòóðå èíäóêòîðà;

U  – íàïðÿæåíèå â êîíòóðå èíäóêòîðà.
Òàêèì îáðàçîì, çàêîí Îìà äëÿ êîíòóðà èí-

äóêòîðà èìååò âèä:
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èëè, ñ ó÷åòîì (50):
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Ñ ó÷åòîì (9), (10) èìååì:

( ) ( )( )tsin1btcos1bBB sc0R ω+ω= , (63)

( ) ( )( )tsin1atcos1aRBA sc0R ω+ω= . (64)

Â àíàëîãè÷íîì ïðåäñòàâëåíèè äëÿ òîêà è íà-
ïðÿæåíèÿ â öåïè èíäóêòîðà ìîæåì çàïèñàòü:

tsinItcosII sc ω+ω= , (65)

tsinUtcosUU sc ω+ω= . (66)

Ïðè ýòîì, ñ ó÷åòîì (54) èìååì:
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Èç (62) – (64), (66) ñëåäóåò:
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Ñ ó÷åòîì (67) èìååì äëÿ àìïëèòóäíûõ çíà-
÷åíèé òîêà è íàïðÿæåíèÿ â öåïè èíäóêòîðà:
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Àêòóàëüíàÿ ìîùíîñòü â öåïè èíäóêòîðà â ñî-
îòâåòñòâèè ñ (65), (66) ðàâíà:
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Äëÿ ýêñòðåìàëüíûõ è ñðåäíåãî çà ïåðèîä
çíà÷åíèé ìîùíîñòè èñòî÷íèêà ïèòàíèÿ èíäóê-
òîðà èìååì â òàêîì ñëó÷àå:
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Ø. Ðîøàíïóð. Ìàòåìàòè÷íà ìîäåëü åëåêòðîìàãí³òíîãî ïîëÿ â ³íäóêö³éíèõ âèñîêî÷à-
ñòîòíèõ äæåðåëàõ ïëàçìè ³ åêëåòðîí³â

Ó íàáëèæåíí³ îäíîêîìïîíåíòíî¿ ìàãí³òíî¿ ã³äðîäèíàì³êè íàâåäåíî ìàòåìàòè÷íó ìî-
äåëü åëåêòðîìàãí³òíîãî ïîëÿ â ³íäóêö³éíèõ âèñîêî÷àñòîòíèõ äæåðåëàõ ïëàçìè ³ åëåêò-
ðîí³â. Ð³âíÿííÿ ìîäåë³ çàïèñàíî ó äâîâèì³ðí³é ôîðì³ â ïðåäñòàâëåíí³ ïðî àêñ³àëüíó ñèìåò-
ð³þ çàäà÷³. Ïåðåí³ñ ³ìïóëüñó îïèñàíî ð³âíÿííÿì â’ÿçêîñò³, ó ÿêîìó âðàõîâàíî âïëèâ ìàãí³ò-
íîãî ïîëÿ íà äèñèïàòèâí³ ïðîöåñè ó ðîçð³äæåíîìó ñåðåäîâèù³. Íàâåäåíî ð³âíÿííÿ äëÿ
ìàãí³òíîãî ïîëÿ ³ ñòðóìó â îáëàñò³ ïëàçìè òà ó ëàíöþãó ³íäóêòîðà.  Ïîêàçàíî ìîæ-
ëèâ³ñòü ó ðîçð³äæåíîìó ñåðåäîâèù³ ³ñíóâàííÿ ñòðóìó â îáëàñò³ ³ç ðîçì³ðàìè ïîì³òíî
á³ëüøèìè çà ãëèáèíó ìàãí³òíîãî ñê³í-øàðó.

Êëþ÷îâ³ ñëîâà: Â×-³îí³çàö³ÿ, äæåðåëî ïëàçìè, äæåðåëî åëåêòðîí³â.

Sh. Roshanpur. Mathematical modelling of electromagnetic field in inductive high frequency
sources of plasma and electrons

Mathematical model of electromagnetic field in inductive high frequency sources of plasma
and electrons is represented in single component magnetic hydrodynamics approximation. Equations
are written in two-dimension form in the supposition about axial symmetry of task. Motion
transition is described by viscosity equation considering magnetic field influence on dissipative
processes in rarified substance. The equations for magnetic field inside plasma and in the
inductor circuit are represented. The possibility is shown for rarified substance of the current
existence in the volume of sizes significantly larger than magnetic skin-shield depth.

Key words: high frequency ionization, plasma sources, electrons sources.




